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Introducing the intermediate solution vector Z defined by

"Z*" U*t U*uE
0 UmE x,,

Eq. (4) is rewritten as

LU 0

Ll ,,Lr Ll,

(5)

(6)

The efficient repetitive solution of Eq. (1) is based on three
relations inherent in Eqs. (5) and (6). Substituting the second
matrix equation of Eq. (5) into the second matrix equation
of Eq. (6) and rewriting the remaining equations yields
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Fig. 1 Ratio of operation count estimates for efficient to direct
solutions.

Table 1 Direct solution operation count
Operation Operation count

Factor M
Backsolve for X

N(K+ F)3/3
N(K+V}2

Table 2 Efficient repetitive solution operation count
Operation Operation count

Factor A
Backsolve Z, k set
FormB-LZ
Multiply LU
Multiply (LU)E + D
Solve for X, v set
Solve for X, k set

K2/2
KV+V
F3/3
NV2

7V(F 3 /3+K 2 )
N(K2/2 + KV+K+V)

(8)

UkkXk-Zk-UkvEXv (9)

Equation (7) is solved for Zk, Eq. (8) for Xv, and Eq. (9) for
Xk. The solution for Zk, the right-hand side of Eq. (8), and
the LU product of Eq. (8), are required only once since they
do not vary with E or D. The solution of Eqs. (8) and (9)
must be obtained repetitively. The savings in computational
effort result from factoring and backsolving Eq. (8), as op-
posed to Eq. (1).

Operation count estimates for the direct solution of a set
of linear equations and the efficient repetitive solution
presented herein are given in Tables 1 and 2. The count
estimates are developed as a function of K, the number of
degrees of freedom in the k set; K, the number of degrees of
freedom in the v set; and TV, the number of solutions to the
system.

The ratio of operation counts for the efficient repetitive
solution vs the direct solution of linear equations is presented
in Fig. 1. These data were generated using the estimates of
Tables 1 and 2 for a system of equations of order K+ V
= 1000 and 2000. Data are presented for the N= 10, 40, 100,
and 400 solutions. Results for a system of equations of order
2000 are quite similar to the results of order 1000. Data for
K+ K=3000 have been evaluated and exhibit similar charac-
teristics. Operation count ratios in the preceding problem
size ranges are, practically speaking, independent of the size
of the linear system.

The results of Fig. 1 may be interpreted as follows for the
problem sizes considered. If the number of variable degrees
of freedom in a linear system (t; set) is less than 10% of the
total, the cost (in operation count) of all additional repetitive
solutions is less than the cost of the original solution.
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Introduction
/^VNE of the most important and interesting aspects of the
V-rtheory of stability of elastic systems subjected to noncon-
servative forces is connected with the damping effects. In deal-
ing with a double mathematical pendulum subjected on a free
end to a follower (tangential) force, Ziegler1 has found that
the addition of a small amount of damping can reduce the
value of the critical force in comparison with the value found
without taking the damping into account. The effects of
damping on the stability of elastic systems subjected to non-
conservative forces have been studied by many authors. Some
general results related to the stability of nonconservative
systems have been obtained by Nemat-Nasser et al.2»3 Bolotin
and Zhinzher4 conducted a systematic study of the damping
effects on the stability of finite-degree-of-freedom and con-
tinuous systems subjected to nonconservative forces. A prin-
cipal conclusion of this paper was that "for real laws of damp-
ing a considerable part of quasistability region belongs to the
instability region. From this rigorous point of view the major-
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Fig. 1 Variation of the damping and frequencies of the first two
modes of the plate for increasing dynamic pressure of the flow for
ij = 0 and 17 = 0.001.
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Fig. 2 Variation of the critical dynamic pressure for increasing
viscoelastic damping for several values of external damping
coefficients.

ity of papers dealing with stability of nonconservative systems
(including panel flutter) need to be reconsidered."

The present Note will deal with the effect that viscoelastic
damping has on the instability of the plate at supersonic flow.
Some aspects of the viscoelastic damping coupled with
midplane forces or external damping are considered.

Basic Panel Flutter Equation and Its Solution
Consider a flat, simply supported, one-dimensional plate

(beam) subject to a supersonic flow over one side. The non-
dimensional governing differential equation for the panel flut-
ter problem is5

a4w ALL2 a2w XL3 aw
a?4 D a?2 - 4- - D

, a2w
OT

= 0 (1)
where y is the coefficent of internal dissipation (assumed to
be of a viscoelastic type) and gt the sum of the aerodynamic
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Fig. 3 Variation of the critical dynamic pressure for increasing ex-
ternal damping for several values of viscoelastic damping
coefficients.
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Fig. 4 Variation of the critical dynamic pressure vs viscoelastic
damping for several values of midplane forces.

damping and the effective structural damping coefficient.
Seeking solutions of the form

(2)

where a. and w are the damping and frequency (assumed real)
of the mode shape and rk the roots of the characteristic
equation

NXL2

D
XL3

D

(3)

The constants Ck should be adjusted so as to satisfy the
simply supported edges conditions, yielding

k=\

(4)



1642 AIAA JOURNAL VOL. 23, NO. 10

To obtain a nontrivial solution, the determinant A of the
system of the linear equation (4) must equal zero.

For the panel to undergo flutter instability, one has to
seek the combination of co and X (minimum) that will fulfill
Eq. (3) and A = 0, rendering the system from neutral stability
(o: = 0) to instability (ce>0). The detailed procedure for solv-
ing the problem is stated in Ref. 6.

Applications
Assuming y=Nx = \ = gt = 0, the panel flutter problem is

reduced to a simply supported beam and thus the natural
frequencies are well known. Slowly increasing the dynamic
pressure X of the flow (rj=Nx=g( = 0), one can trace the
behavior of, say, the first two frequencies, as shown in Fig.
1. The first two modes approach each other (o: = 0) and, at
XcrL3/Z> = 343.36 (known value, see Ref. 7), coalesce to
render one mode unstable (a>0). The behavior of the
natural frequencies vs \L3/D for a very light damped panel
(7? = 0.001) are plotted in Fig. 1 (dashed lines). For low
dynamic pressure, the modes are damped (o?<0) and at
XcrL3/Z>=134.93 the first mode becomes unstable (a>0).
The most striking result deduced from Fig. 1 is the sharp
reduction in Xcr for the lightly damped case 77 = 0.001 com-
pared to the undamped case 77 = 0 (see Ref. 4). A confirma-
tion of this unexpected reduction in Xcr for the very lightly
damped panel case was also obtained by applying a three-
mode Galerkin approximation.

These interesting theoretical results were followed by an
investigation of the coupling effect between the viscoelastic rj
and external damping gt coefficients on the panel flutter in-
stability. Figure 2 represents the critical dynamic pressure
Xcr( = XL3/£>7r4) vs 77 for several values of gt. The results
show the destabilizing effect of the viscoelastic damping 77
for several values of gt. Figure 3 displays the variation of Xcr
vs gt for several values of viscoelastic damping 77. It is seen
that gt has a stabilizing effect for all values of 77. The results
of Figs. 2 and 3 emphasize the strong interaction between the
viscoelastic and external (viscous) damping on the panel flut-
ter instability. It should be noted that the three-term
Galerkin approximation confirms this finding.

Another course of investigation was to determine if there
is a coupling between the damping and the midplane forces
exerted on the plate. Figure 4 shows results obtained for Xcr
vs 77 for a plate subjected to a tension or compression
midplane force of Nx( = NxL2/Dir2)= ±3. Again, it can be
seen that viscoelastic damping has a strong destabilizing ef-
fect for all values of 77^0.
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Figure 5 plots Xcr vs gt for several values of the midplane
forces while 77 = 0. gt has a stabilizing effect on the panel
flutter. (The results for Nx = 0 are identical to those obtained
in Ref. 8.)
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Introduction

S UPERPLASTIC forming with or without diffusion
bonding has proved to be a promising and innovative ap-

proach to manufacturing components with complicated
shapes in many challenging engineering problems. This new
forming process can improve material utilization, simplify
machining and assembly, and reduce production costs. It is ac-
complished through a "one-piece" forming concept that
enables the number of parts and fasteners to be greatly re-
duced. This new technology has been used successfully in dif-
ferent branches of structural engineering, including
sophisticated aircraft design, turbine gear manufacture and
ground transportation vehicle design. This is confirmed by a re-
cent summary article1 reporting that more than 200 com-
ponents in nine current U. S. aircraft and spacecraft
(including the B-1B, F-15, F-18A, and Space Shuttle) have
been formed superplastically.

Superplastic forming uses a special mechanical property of
certain metallic materials that exhibit exceptionally high duc-
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Fig. 5 Variation of the critical dynamic pressure vs external damp-
ing for several values of midplane forces.
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